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On the Non-existence of Thas Maximal Arcs in Odd Order Projective
Planes
AART BLOKHUIS, NICHOLAS HAMILTON† AND HENNY WILBRINK
In this paper it is shown that given a non-degenerate elliptic quadric in the projective space PG.2n−
1; q/, q odd, then there does not exist a spread of PG.2n− 1; q/ such that each element of the spread
meets the quadric in a maximal totally singular subspace. An immediate consequence is that the
construction of [9] does not give maximal arcs in projective planes for q odd. It is also shown that
the all one vector is not contained in the binary code spanned by the tangents to an elliptic quadric in
PG.3; q/, q odd.
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1. INTRODUCTION
In a projective plane of order q a maximal fkImg-arc is a subset of points such that every
line meets the set in 0 or m points for some 2  m  q. For such a maximal arc m is called the
degree. A necessary condition for the existence of a maximal arc of degree m in a projective
plane of order q is that m divides q.
In the case where the projective plane is Desarguesian the spectral problem for existence
of maximal arcs is completely solved. In [4] it is shown that the necessary condition that the
degree m divides q is sufficient in Desarguesian projective planes of even order q. In [3] it
was shown that (non-trivial) maximal arcs do not exist in Desarguesian projective planes of
odd order. A simplified proof of the same result will appear in [2].
The spectral problem for existence of maximal arcs in non-Desarguesian planes is far from
solved. A few constructions are known of maximal arcs in non-Desarguesian projective planes
of even order (see for instance [6, 9]). However, there appear to be no known results of existence
or otherwise for the odd order case.
In [9], J.A. Thas gave the following construction of maximal arcs in certain translation
planes. Let Q− D Q−.2n − 1; q/ be a non-degenerate elliptic quadric in PG.2n − 1; q/,
n > 1, and let S− be an .n − 2/−spread of Q−. Suppose there exists an .n − 1/−spread
S D fs1; s2; : : : ; sqnC1g of PG.2n − 1; q/ such that S− D fQ− \ s1; Q− \ s2; : : : ; Q− \
sqnC1g. Embed PG.2n − 1; q/ as a hyperplane H in PG.2n; q/ and choose any point x 2
PG.2n; q/nH . Let K be the union of the points of PG.2n; q/nH that are on the lines of
PG.2n; q/ given by the span of x and each of the points of Q− (including the point x itself),
then K is the set of points of a maximal fq2n−1 − qn C qn−1I qn−1g−arc in the translation
plane .S/ of order qn determined by the spread S.
As was noted in the Thas paper, when q is even, the problem of constructing the spreads
S and S− of the required form is equivalent to constructing spreads of a parabolic quadric
Q.2n; q/ in PG.2n; q/. Such spreads are known to exist for all n > 1 and q even. In the
case that the spread is Desarguesian it is shown in [5, p.40] that these Thas maximal arcs are
isomorphic to some of the maximal arcs previously constructed by Denniston [4].
The main result of this paper (Section 2) is to show that an elliptic quadric–spread pair of the
form required for the Thas construction of maximal arcs does not exist for q odd. In section 3
a stronger result about the binary code of the set of tangents to an elliptic quadric in PG.3; q/,
q odd, is also proved.
†The second author acknowledges the support of an Australian Postdoctoral Research Fellowship.
0195-6698/98/040413 + 05 $25.00/0 c© 1998 Academic Press
414 A. Blokhuis et al.
2. MAIN THEOREMS AND PROOFS
In what follows we will assume the reader is familiar with the properties of quadrics in finite
projective spaces. For more on quadrics see Chapter 22 of [8].
The following two Lemmas are fundamental to our approach to proving Theorem 1 and
Theorem 2.
LEMMA 1. Let Q.n; q/ be any non-degenerate quadric in PG.n; q/ with quadratic form
Q. Let x 2 PG.n; q/− Q.n; q/, and let X be the set of points of PG.n; q/− Q.n; q/ which
are on lines through x that are tangent to Q.n; q/. If Q.x/ is a square (non-square) in G F.q/
then Q.y/ is a square (non-square) in G F.q/ for every y 2 X.
PROOF. Let z be any point on the quadric such that the line xz is tangent to Q.n; q/. Then
any point y 6D x and y 6D z on xz can be written as y D ax C z for some a 2 G F.q/− f0g. It
then follows [8, Lemma 22.3.1] that
Q.y/ D Q.ax C z/ D Q.ax/C Q.z/ D a2 Q.x/C 0 D a2 Q.x/:
Hence Q.y/ is a square if, and only if, Q.x/ is a square. The result follows. 2
LEMMA 2. Let Q−.2n − 1; q/ be a non-degenerate quadric with quadratic form Q in
PG.2n − 1; q/, q odd and n > 0. Clearly for every x 2 PG.2n − 1; q/ − Q−.2n − 1; q/,
Q.x/ is either a square or a non-square in G F.q/. Further, half the points of PG.2n−1; q/−
Q−.2n − 1; q/ are squares with respect to Q and half are non-squares.
PROOF. In a one-dimensional vector space over G F.q/, q odd, there are two isometry
classes of non-degenerate quadratic forms (see for instance [1, p.143]). For some b 2 G F.q/
take Qb.x/ D bx2 then Qb1 is isometric to Qb2 if, and only if, b1 and b2 are either both squares
or both non-squares in G F.q/.
It follows by Witt’s Theorem [1, Theorem 3.9] that for Q−.2n − 1; q/ a non-degenerate
quadric with quadratic form Q in PG.2n − 1; q/, q odd and n > 0, there are two orbits on
points not on Q−.2n − 1; q/. One orbit consists of the points x such that Q.x/ is a square in
G F.q/, and the other consists of points that are non-squares with respect to Q.
That these orbits have the same length follows from the fact that if  is the usual polarity
induced by Q, then for any point x 62 Q−.2n − 1; q/ the space x meets Q−.2n − 1; q/ in a
non-degenerate parabolic quadric Q.2n − 2; q/ [8, Theorem 22:8:3, Corollary 2]. As vector
spaces, an isometry that fixes a vector x also fixes x , and conversely. Hence the stabiliser in
the isometry group of any vector x 62 Q−.2n − 1; q/ is isomorphic to the isometry group on
a non-degenerate parabolic quadric of projective dimension 2n − 2. Hence orbits of such an
x all have the same length. 2
THEOREM 1. Given a non-degenerate elliptic quadric in PG.3; q/, q odd, there does not
exist a spread of PG.3; q/ such that each line of the spread is tangent to the quadric.
PROOF. Let the elliptic quadric be given by the quadratic form Q. We colour a point x not
on the quadric red if Q.x/ is a square, and blue if it is a non-square. By Lemma 1, on a tangent
all non-quadric points have the same colour. Given a spread we can extend the colouring to the
quadric by painting a point red if it is on a red tangent (and blue otherwise). Having done so,
half of the points (of the quadric) will be red, and half will be blue. Now we consider the conic
determined by the intersection of a plane  and the quadric. The internal points of this conic all
have the same colour, for example blue, and there are .q2 − q/=2 of them (see for instance [7,
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Section 8:2]). The plane  cannot contain a blue tangent, so all blue tangents intersect  in a
single point, which is either an internal point, or a point of the conic. It follows that exactly
.q C 1/=2 points of the conic are blue. So all conics have exactly half their points blue, and
the other half red. Now consider the pencil of conics on a line through two red points of the
quadric. Counting the total number of blue points on these conics we obtain a contradiction.2
THEOREM 2. Given a non-degenerate elliptic quadric in PG.2n − 1; q/, q odd n > 2,
there does not exist a spread of PG.2n− 1; q/ such that each element of the spread meets the
quadric in a maximal totally singular subspace.
PROOF. Let Q−.2n − 1; q/ be a non-degenerate quadric in PG.2n − 1; q/, q odd, with
quadratic form Q. Suppose that an n − 1 spread S of PG.2n − 1; q/ exists such that every
s 2 S meets Q−.2n− 1; q/ in a maximal totally singular subspace of the quadric. The spread
S then induces a spread S− of the quadric, where
S− D fs−j9s 2 S V s− D s \ Q−.2n − 1; q/g:
Note that each element of S− is a maximal totally singular subspace of Q−.2n− 1; q/ and so
has projective dimension n − 2, and jSj D jS−j D qn C 1.
As previously, we can colour a point x not on the quadric red if Q.x/ is a square, and blue
if it is a non-square. Half the points of the quadric are then red and half are blue. Given any
s− 2 S− and s 2 S with s−  s, the points of s can all be written as the span of some point
x 2 s− s− and s−. It follows that all of the points not on the quadric of such an s are the same
colour, and hence that half of the elements of S have their points not on the quadric coloured
red, and the other half blue.
Choose any point x on the quadric, and let s and s− be the (unique) elements of the spreads
S and S− that contain x . Let  be the usual polarity induced by the quadratic form. Then x
is a hyperplane, 62n−2 for example, of PG.2n− 1; q/. The intersection x \ Q−.2n− 1; q/
can then be described as a cone of x with a non-degenerate elliptic quadric Q−.2n − 3; q/ in
some 2n − 3 dimensional subspace 62n−3 of 62n−2 [8, Theorem 22:8:3, Corollary 2]. The
rest of the proof is devoted to counting the red and blue points in62n−3− Q−.2n− 3; q/ and
deriving a contradiction.
First note that since every line on x in s is either a line of the quadric or is tangent to the
quadric, s is contained within x D 62n−2. Every point of PG.2n−1; q/ is contained within
a unique element of the spread S, and so, by duality, every hyperplane contains a unique
element of S. Hence, s is the only element of S that is contained within 62n−2, and every
t 2 S − fsg must then meet 62n−2 in a subspace of projective dimension n − 2.
In62n−3 the (non-degenerate) quadric Q−.2n−3; q/ has maximal totally singular subspaces
of dimension n−3. Since62n−2\Q−.2n−1; q/ is given by the span of x with Q−.2n−3; q/,
the maximal dimension of a subspace not on x of62n−2 \ Q−.2n− 1; q/ is also n− 3. Since
62n−2 is a hyperplane of PG.2n − 1; q/, every t− 2 S− − fs−g must meet 62n−2 in at least
a subspace of dimension n − 3, and so each such t must meet 62n−2 in exactly a subspace of
dimension n − 3.
Suppose that the points of s − s− are red. Then there are .qn C 1/=2 elements of S whose
points not on the quadric are blue. Each such element meets 62n−2 − Q−.2n − 1; q/ in
jPG.n − 2; q/ − PG.n − 3; q/j points. Hence the total number of blue points in 62n−2 −
Q−.2n − 1; q/ is qn−2.qn C 1/=2.
Similarly, counting the intersections of the red spread elements with62n−2 together with the
points of s−s− gives that there are qn−2.qn−1/=2Cqn−1 red points in62n−2−Q−.2n−1; q/.
We now project these points from x onto 62n−3 − Q−.2n − 3; q/, noting that each line
joining x to a point of 62n−3 − Q−.2n − 3; q/ is a tangent line to the quadric. The set
416 A. Blokhuis et al.
of points on a tangent line are the same colour, and there are q points not on a quadric
on a tangent line. It follows that qn−3.qn C 1/=2 points of 62n−3 − Q−.2n − 3; q/ are
blue, and that qn−3.qn − 1/=2 C qn−2 are red. But the quadratic form for Q−.2n − 1; q/
restricted to 62n−3 induces a quadratic form Q0 for Q−.2n − 3; q/, and with respect to Q0,
half the points of 62n−3 − Q−.2n − 3; q/ must be red, and half blue. But for n > 2,
qn−3.qn C 1/=2 D qn−3.qn − 1/=2C qn−2 if, and only if, q D 0;1. Contradiction. 2
COROLLARY. The construction of Thas [9] does not give maximal arcs for q odd.
3. CODES AND QUADRICS IN ODD CHARACTERISTIC
Take a non-degenerate elliptic quadric in PG.3; q/ and form a point-line incidence matrix
between the points of PG.3; q/ and the tangent lines to the elliptic quadric, each of the rows of
the table corresponding to a tangent line. We can then define a binary code by taking the span
over G F.2/ of the rows of the matrix. With this definition it is possible to prove a somewhat
stronger statement than Theorem 1:
THEOREM 3. The all one vector is not contained in the binary code spanned by the tangents
to an elliptic quadric in PG.3; q/, q odd.
PROOF. Let T be a set of tangents adding up to the all one vector. We colour the points not
on the quadric red and blue as before, and write T D R [ B, where R is the collection of red
tangents in T (and B the rest). This time we extend the colouring to the quadric as follows.
Every point is on an odd number of tangents in T , so either it is on an odd number of tangents
in R, in which case the point is coloured red, or on an odd number of blue tangents, and then we
paint it blue. The total number of square points is odd, and every tangent in R contains an odd
number q of square points, so jRj is odd. In the same way jBj is odd. Consider again the conic
determined by the intersection of a plane  with the quadric. Assume again that the internal
points are blue. Assume furthermore that q D −1 mod 4 (the other case is similar). There are
.q2 − q/=2 internal points, and this number is odd. Each of the tangents in B intersects the
plane  in exactly one point, and there is an odd number of them, so the number of blue points
on the conic is even. The same is true for all conics, but again counting the total number of
blue points on a suitable pencil of conics yields a contradiction.
If q D 1 mod 4, then we obtain, as before, that every conic has an odd number of blue points,
and a contradiction arises in the same way. 2
Theorem 3 implies Theorem 1 since if a spread of PG.3; q/, q odd, existed that were tangent
to a non-degenerate elliptic quadric then the code words of the elements of the spread would
sum to the all one vector.
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